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Abstract

The paper presents an analytical method to investigate thermal effects on interfacial stress transfer characteristics of
single/multi-walled carbon nanotubes/polymer composites system under thermal loading by means of thermoelastic
theory and conventional fiber pullout models. In example calculations, the mechanical properties and the thermal
expansion coefficients of carbon nanotubes and polymer matrix are, respectively, treated as the functions of tempera-
ture change. Numerical examples show that the interfacial shear stress transfer behavior can be described and affected
by several parameters such as the temperature field, volume fraction of CNT, and numbers of wall layer and the out-
ermost radius of carbon nanotubes. From the results carried out it is found that mismatch of thermal expansion coef-
ficients between the carbon nanotubes and polymer matrix may be more important in governing interfacial stress
transfer characteristics of carbon nanotubes/polymer composite system.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Recently, due to many unique electrical, mechanical and thermal properties of carbon nanotubes
(CNTs), a number of theoretical analyses and experiments have been presented in order to study the
mechanical characteristics of CNTs/polymer composite structures by Schadler et al. (1998), Bower et al.
(1999), Qian and Dicdkey (2000), Fu et al. (2000), Liao and Seam (2001), Lau and Shi (2002), Lau
(2003) and Lau et al. (2004). Qian and Dicdkey (2000) gives that the performance of a composite material
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Nomenclature

q0 non-relaxed radius of CNTs [m]
m,n chiralities of carbon nanotubes
aN thermal expansion coefficient of CNTs [�C�1]
am thermal expansion coefficient of polymer matrix [�C�1]
F pullout force [N]
RN outermost radius of CNTs [m]
b radius of matrix [m]
L length of CNTs [m]
d interval spacing of MWNT [m]
h effective wall thickness of MWNT [m]
N layer numbers of MWNT
VNT volume fraction of CNTs
c transverse area ratio between the CNTs and matrix
ESWNT elastic modulus of SWNT [N/m2]
EN elastic modulus of MWNT [N/m2]
tN Poisson�s ratio of CNTs
tm Poisson�s ratio of matrix
DT temperature change [�C]
Pmax par allowable pull out force [N]
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system is critically controlled by the interfacial characteristics of the reinforcement and the matrix material
by conducting many experimental investigations. Extensive research has also been given on incorporating
different types of CNTs as nano-reinforcements, nano-wires and nano-conductors into polymeric materials
to form new composites that possess high mechanical strength, and electrical and thermal conductivity by
Ruoff and Lorents (1995, 2003). Lau and Shi (2002) and Lau and Micrcea (2004) describe that in these
applications for space and aircraft, one of the anticipated applications of CNTs is ultra-strong reinforce-
ment for high performance composites materials. Lau (2003) has studied the interfacial bonding character-
istics of CNTs/polymer composites by using the well-developed local density approximation model (Tu and
Yang, 2002), classic elastic shell theory and conventional fiber pullout model (Zhang et al., 1999). Liao and
Seam (2001), Lau and Shi (2002) and Lau and Micrcea (2004) also found optimized CNTs/matrix inter-
facial adhesion results in enhanced strength, toughness, as well as long-term behavior when all the CNTs
are parallel to the loading direction in the composite structures.

Based on different views, approaches that were frequently used to investigate the physical and mechan-
ical performances of nano-structures are, generally, (1) the nanometer experimental mechanic such as Li
and Bhushan (2002) presented a review of nano-indentation continuous stiffness measurement technique
and its applications, and the corresponding useful measurement techniques are used in their investigations
on the physical and mechanical characteristics of nanostructures (Li et al., 1997, 1999, 2003, 2004); (2) the
molecular dynamic (MD) simulations which have been conducted by several investigators (Yakobson et al.,
1996; Belytschko et al., 2002) and (3) the continuum methods of mechanics such as some analytical meth-
ods which is used to investigate diffusive shrinkage of a void within a grain of a stressed polycrstal and to
solve stability and shrinkage of a cavity in stressed grain (Wang and Li, 2003a,b,c, 2004a,b,c).

It is well known that the interfacial minimal characteristics scale of CNTs-reinforced composites system
is about 1–100 nm. As described above, the interfacial mechanical performance of CNTs-reinforced com-
posites system can be investigated by using nanometer experimental mechanics, molecular dynamic (MD)



Y.C. Zhang, X. Wang / International Journal of Solids and Structures 42 (2005) 5399–5412 5401
simulations or continuum methods of mechanics, respectively. Qian and Dicdkey (2000) studied the effect
of interfacial adhesive action on strength and toughness of CNTs-reinforced composites systems using
TEM image and SEM micrographs. However, it is difficult to qualitatively analyze the initial frictional
pull-out force applied on CNTs of CNTs-reinforced composites system directly using the experimental
method due to the enhanced strength and very small diameter of the CNTs. MD stimulations is an effective
research technique that simulates accurately the physical properties of structures at atomic-scale level. Re-
sults from a pullout simulation show that the interfacial shear strength of CNTs/polymer composite system
is about 160 MPa (Liao and Seam, 2001), which is much higher than those of most carbon fiber reinforced
polymer composites systems. However, the computational problem here is that the time steps involved in
the MD simulations are limited by the vibration modes of atoms to be of the order of femto-seconds
(10�15). So even after a million time steps, we can reach only the nanosecond range, in which period most
of the thermal, mechanical, physical, or magnetic events have not even started (Lau and Micrcea, 2004).
For basically computing element of interfacial load transfer in CNTs-reinforced composites system, be-
cause the minimum scale of CNTs is 1–100 nm (diameter of CNTs) and minimal characteristics scale of
the polymeric matrix is micron scale, it is impractical to perform these simulations on single processor using
the MD simulations. Yakobson et al. (1996) solved axial compression buckling problem of SWNT using
MD simulations and continuum methods of mechanics, respectively. Comparing the results from the
two different methods, it was found that the all-buckling modes achieved by MD simulations could also
be predicted by using the continuum methods of mechanics. Authors (Wang and Wang, 2004; Wang
et al., 2004, in press) constructed different three dimensional FEM models to obtain an effective bending
modulus of CNTs with various rippling deformations.

Besides, Lau and Shi (2002) presents that the thermal expansion of CNTs is fundamentally interesting and
technologically important properties. Ruoff and Lorents (1995, 2003) have studied that failure mechanism of
carbon CNTs/epoxy composites pretreated in different temperature environments, and addressed that the
interaction between the CNTs and matrix consists of electrostatic and van der Waals interaction, deforma-
tion induced by these forces, as well as stress/deformation arising from mismatch in the coefficients of ther-
mal expansion. Cooper (2002) described that with the rapid expansion of CNTs composites application,
both high strength and high toughness are required in complex working conditions under extreme temper-
ature change environment. Wang and Yang (2005) presented the effect of thermal environment on axially
critical load of multi-walled CNTs. However, in the many previous publications, little attention has been
paid to investigate thermal effect on the interfacial stress transfer characteristics of CNTs/polymer compos-
ites under thermal environments for space applications. Therefore, it is important to understand the thermal
effects on interfacial stress transfer characteristics of CNTs/polymer composites under thermal environment.

This paper presents an analytical method to investigate thermal effects on interfacial stress transfer char-
acteristics of single/multi-walled CNTs/polymer composites system under temperature change environ-
ments, based on a thermoelastic theory and conventional fiber pullout models (Quek, 2002). In example
calculations, the mechanical properties and the thermal expansion coefficients of CNTs and polymer matrix
are treated as a function of temperature change. From the results carried out it is found that mismatch for
thermal expansion coefficients between the CNTs and polymer matrix may be more important in governing
interfacial stress transfer characteristics of CNTs/polymer composite system. Besides, numerical results for
the maximum allowable pullout force and the maximum interfacial shear stress under different temperature
change environments are obtained for typical single/multi-wall CNTs/polymer composite system.
2. Analytical formulation

A mechanics model of the construction for the pull-out test of an CNTs/ polymer composite under
temperature change, DT, is shown in Fig. 1. Here, the CNTs with radius RN and length L is located at



Fig. 1. (a) Schematic diagram of the CNTs/polymer composites under thermal environment; (b) simple fiber pullout model;
(c) hexagonal lattice of carbon atoms with different types of chiral vector.
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the centre of a co-axial cylindrical polymer matrix with an outer radius b. The multi-walled carbon nano-
tubes (MWNT) could be imagined as a group of co-axial circular shells packed together with uniform inter-
val spacing d and the effective wall thickness h of the single-walled carbon nanotubes (SWNT). The effective
cross-sectional area of the CNTs can be expressed as (Tu and Yang, 2002)
Aeff ¼ 2ph Nq0 þ
XN
c¼1

dðc� 1Þ
( )

ð1Þ
where the non-relaxed radius, q0, is written as
q0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðm2 þ n2 þ mnÞ

p
2p

a0 ð2Þ
In the above formula, N expresses the layer numbers of MWNT, q0, m, n, and a0 are, respectively, the non-
relaxed radius and chiralities of the SWNT and C–C bond distance (1.42 Å). The parameter d expresses the
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spacing between each graphene layer (�3.4 Å), the effective wall thickness h of the SWNT is about 3.4 Å.
According to the effective stiffness, Eh = 360 J/m2 (Yakobson et al., 1996), the corresponding effective elas-
tic modulus is E = 1.1 TPa. The outermost radius of the MWNT as shown in Fig. 1 could be expressed as
RN ¼ q0 þ dðN � 1Þ ð3Þ

Because the role of the CNTs in advanced composite structures is to take up all stresses that are transferred
from the matrix through the interfacial shear stress (Lau and Shi, 2002; Lau et al., 2004), a well-known
classical fiber pullout model was used to study the interfacial stress transfer problem of CNTs/polymer
composites system and three dimensional, axial-symmetric cylindrical thermoelastic model was proposed
to analyze the stress transfer characteristics.

Based on thermoelastic theory, the physical relationships between the stresses and strains in CNTs or in
polymer matrix, under thermal environment, are expressed as (Timoshenko and Goodier, 1970)
erj ¼
ourj
or

¼ 1

Ej
rr
j � tjðrz

j þ rh
j Þ

h i
þ ajDT j

ehj ¼
ourj
r

¼ 1

Ej
rh
j � tjðrr

j þ rh
j Þ

h i
þ ajDT j

ezj ¼
ouzj
oz

¼ 1

Ej
rz
j � tjðrr

j þ rh
j Þ

h i
þ ajDT j

ð4Þ
where superscripts, r, h and z, are used to denote the components of stresses and strains in the cylindrical
coordinate axes and the subscript, j, may be N which represents the physical relationship of CNTs or may
be m which represents the physical relationship of polymer matrix.

In the above formula, EN, aN Em and am are, respectively, express Young�s modulus and thermal expan-
sion coefficients of CNTs and polymer matrix, under temperature change environments, which may be a
function of temperature change as follows (Mallick, 1997; Shen, 2001)
EN ¼ E0
N ð1� 0:0005DT Þ; Em ¼ E0

mð1� 0:0003DT Þ

aN ¼ a0N ð1þ 0:002DT Þ; am ¼ a0mð1þ 0:001DT Þ ð5Þ

where E0

N ; a0N E0
m and a0m are, respectively, express elastic modulus and thermal expansion coefficients of

CNTs and polymer matrix, under a room temperature environment. The Young�s modulus E0
N of CNTs

estimated by using the local density approximation model and elastic shell theory is written as (Tu and
Yang, 2002)
E0
N ¼ N

N � 1þ R
E0
SWNTR ð6Þ
where R expresses the thickness to spacing ratio of the CNTs (h/d) and E0
SWNT expresses Young�s modulus of

SWNT under room temperature environment. It is noted that for N = 1, the E0
N ¼ E0

SWNT.
From the mechanics model of the construction as shown in Fig. 1, the equilibriums equations between

the matrix axial stress, CNTs axial stress and interfacial shear stress are expressed as
drz
mðzÞ
dz

¼ 2c
RN

sðzÞ ð7Þ

drz
N ðzÞ
dz

¼ � 2

RN
sðzÞ ð8Þ
where c ¼ R2
N=ðb2 � R2

N Þ expresses a transverse area ratio between the CNTs and matrix. The external sur-
face conditions of the matrix are written as
rr
mðb; zÞ ¼ 0; srzmðb; zÞ ¼ 0 ð9Þ
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From Fig. 1 it is seen that the total embedding length of the CNT is L, and because the CNTs is undertak-
ing a pullout force, F, due to the existence of crack opening the axial stress applied on the other end where
z = L equals zero. Thus, the two end conditions of this CNTs/polymer composite model are
rz
Nð0Þ ¼ rpullout; rz

N ðLÞ ¼ 0 ð10Þ

rz
mð0Þ ¼ 0; rz

mðLÞ ¼ crpullout ð11Þ
where rpullout = F/Aeff.
At the interface, the radial stress and displacements of the CNTs and matrix should satisfy
rr
mðRN ; zÞ ¼ rr

N ðRN ; zÞ; urmðRN ; zÞ ¼ urN ðRN ; zÞ ð12Þ
Because the MWNT is considered as an effective solid cylinder here, the circumferential and radial stresses
in the CNT are identical as follows
rr
Nðr; zÞ ¼ rh

N ðr; zÞ; 0 6 r 6 RN ð13Þ
Utilizing Eqs. (4), (7), (8), (9), (12) and (13), and following the some solving procedure in early works
(Zhang et al., 1999), the axial equilibrium equation for the CNTs under thermal environment is expressed
as
d2rz
NðzÞ

dz2
� A1r

z
N ðzÞ ¼ A2rpullout þ A3r

T ð14Þ
where the parameters of A3 ¼ 2kþ1
U2�2kU1

H , H ¼ ðaN�amÞa
am

and rT = ENaNDT are relation to the thermal loading.
Solving Eq. (14) and utilizing the boundary conditions at the two ends of the CNTs/polymer composite

model, Eq. (10), the CNTs axial stress in the completely bonded region is expressed as
rz
NðzÞ ¼ x1ðrpulloutÞ sinhðkzÞ þ x2ðrpulloutÞ coshðkzÞ �

A2

A1

rpullout þ
A3

A1

rT

� �
ð15Þ
Substituting Eq. (15) into Eq. (8), the CNTs interfacial shear stress in the completely bonded region is given
by
sðRN ; zÞ ¼
�RNk
2

½x1ðrpulloutÞ coshðkzÞ þ x2ðrpulloutÞ sinhðkzÞ� ð16Þ
where the parameters of A1, A2, k, x1 (rpullout) and x2 (rpullout) are the functions of the mechanical prop-
erties and geometrical factors of the CNTs and matrix under thermal environments, and are listed in
Appendix A.

It is well known that the maximum shear stress should be located at the starting point of pullout end
where z = 0 (Liao and Seam, 2001). Therefore, substitution of s(0) = smax into Eq. (16), the allowable pull
out force, Pmax = Aeffrpullout, which is the maximum applied force to maintain the CNTs and polymer
matrix in contact with each other, can be given by Appendix A
Pmax ¼
Aeff 2smax sinhðkLÞ þ ½1� coshðkLÞ� A3

A1
rTRNk

n o
1þ A2

A1

� �
coshðkLÞ � A2

A1

h i
RNk

ð17Þ
The corresponding maximum tension stress, r�
max, in the CNTs/polymer composites system under thermal

loading is written as
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r�
max ¼

Pmax

Aeff

V NT þ r�
mð1� V NT Þ ð18Þ
where r�
m expresses the axial stress in the polymer matrix when the axial stress in CNTs equals Pmax/Aeff,

and is given by
r�
m ¼ c

Pmax

Aeff

� rz
N

� �
ð19Þ
where, VNT = Aeff/pb
2 expresses the volume fraction of CNTs.

In the above formula, the maximum interface shear stress smax where a CNTs was pulled out from a
CNTs/polymer system, has been determined to be 160 MPa through molecular simulation (Liao and Seam,
2001).
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presses the magnitudes of temperature change; N expresses layer numbers of the CNTs, which are (a) N = 1, (b) N = 5,
10, respectively.
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3. Numerical calculations and discussions

The interfacial shear stress in CNTs/polymer matrix composite system is a critical parameter controlling
the efficiency of stress transfer and some of the important mechanical properties of composite such as effec-
tive Young�s modulus, tensile strength and fracture toughness. Hence, numerical calculations are given for
a hypothetical CNTs/epoxy composite system to illustrate the interfacial shear stress transfer mechanism
under thermal loading. However, the analysis is equally applicable to other types of CNTs-composite sys-
tem. The material properties and geometrical characteristics of the CNTs, matrix and interface are shown
as (Mallick, 1997; Shen, 2001)
Fig. 3.
and (2
h ¼ 3:4 Å; d ¼ 3:4 Å; b ¼ 2� 103nm; tm ¼ 0:48; tN ¼ 0:34; E0
m ¼ 3:3 GPa;

ESNT ¼ 1:1 TPa; a0 ¼ 1:42 Å; L ¼ 1:0� 104 nm; F ¼ 10 nN;

a0N ¼ �1:5� 10�6 �C�1; a0m ¼ 45� 10�6 �C�1
Fig. 2 shows distributions of interfacial shear stress s(RN,z) in a CNTs/Epoxy composite system along
dimensionless axial distance z/L for different temperature change, DT, environments. From Fig. 2(a)–(c), it
is seen that the maximum interfacial shear stress between the CNTs and matrix, at z/L = 0, gradually de-
creases as the magnitude of temperature change DT increases. The reasons may be attribute to that the vol-
ume contraction ratio of CNTs is larger than the volume expansion ratio of epoxy matrix because CNTs is
more sensitive to change of temperature subject to the same magnitudes of temperature change. Undoubt-
edly, the change of volume ratio weakens interactions between CNTs and matrix such as adhesion and
interlocking. According to the trend of the curves shown in Fig. 2, the maximum interfacial shear stress
is mainly affected by mismatch of thermal expansion coefficient and the Young�s modulus between the
CNTs and matrix.

From Fig. 2, it is also seen that the transfer length of interfacial shear stresses under different thermal
environments significantly decreases as layer numbers of CNTs increase. Because of the larger cross-sec-
tional area of the MWNT with 10 layers, the total surface contact area at the bond interface of MWNT
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with 10 layers is therefore much larger than that of SWNT with 1 layer and MWNT with 5 layers, so that
the maximum interfacial shear stress decreases as the layer numbers of CNTs increases. Due to thermal
residual interfacial shear stress produced by mismatch in thermal expansion coefficients between CNTs
and matrix, the transfer length of interfacial shear stresses increases as the magnitude of temperature
change increases. Hence, for a structural stiffness point of view, the existence of the interfacial thermal
residual shear stress may be have an advantage of avoiding cracking and fracture at the bond interface,
to a large extent.

Fig. 3 shows the distribution of interfacial shear stresses of different chiralities SWNT with identical out-
ermost radius, RN = 2.38 nm, under various thermal environments. It is seen in Fig. 3 that the distributions
of interfacial shear stresses of different chiralities SWNT with the same outermost radius are identical.
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Fig. 4 shows that the stress transfer length in the Armchair MWNT/polymer composite system increases
as the outermost radius of MWNT and the magnitude of temperature change increases due to interaction of
clamping surface stress to the CNTs and frictional force, and the maximum interface shear stress in the
Armchair MWNT/polymer composite system decreases as the outermost radius of MWNT and the mag-
nitude of temperature change increase. Comparing Figs. 3 and 4, because CNTs is considered as isotropic
properties in the paper, the maximum interfacial shear stress and the shear stress transfer length of
MWNT/polymer composite system are independent on the chirality vector of CNTs, but are dependent
on the outermost radius of CNTs.
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The distribution of the maximum interfacial shear stress in MWNT is shown in Fig. 5. It is seen that the
thermal effects on the maximum interfacial shear stress in CNTs decreases as the layer numbers of CNT
increases. Fig. 6 shows that Armchair CNTs with different outermost radii appear in different effects on
the maximum interfacial shear stress of the CNTs under temperature change environments, and the max-
imum interfacial shear stress of the three types of CNTs decreases as the increasing of temperature change
because of the existence of reinforced interfacial adhesion and interlocking produced by thermal residual
shear stress.

The distribution of maximum pullout force, Pmax, for the armchair CNTs with different layer numbers,
under various thermal environments is shown in Fig. 7. It is seen that the allowable pullout force of CNTs
increases as the increasing of the layer numbers of CNTs and the magnitudes of temperature change.
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Fig. 8 shows that distribution of the maximum interfacial shear stress and the volume fraction of CNTs
for the layer numbers of CNTs. It is seen that increasing the layer numbers of CNTs could eventually re-
duce the maximum interfacial shear stress, so that the interfacial bonding strength between the CNTs and
matrix is reinforced. It can be seen that the volume fraction of CNTs appears in non-linear increase as the
layer numbers of CNTs increase. From Fig. 8 it is also seen that the distributions of the maximum inter-
facial shear stress and the volume fraction of CNTs no considering temperature change is the same as the
literature (Lau, 2003).
4. Conclusions

In this paper, interfacial stress transfer characteristics of CNTs/polymer composites under thermal envi-
ronments have been presented and discussed. According to analytical results, mismatch in thermal expan-
sion coefficients and Young�s modulus between CNTs and matrix may be more important in governing
interfacial characteristics of the CNTs/polymer composite system subjected to thermal loading. It is noted
that interfacial stress transfer characteristics of CNTs/polymer composites is obviously different from that
of fiber reinforced composite system in the literature (Zhang et al., 1999). Results carried out show that
increasing of the magnitudes of temperature change will cause some significant phenomena as follows:

(1) decreasing the maximum interfacial shear stress so that to enhance of interfacial strength;
(2) increasing stress transfer length, and to allow stress to be fully transferred from the matrix to the

CNTs;
(3) increasing of maximum pullout force and to reduce the possibility of that CNTs is pulled out from the

CNT/polymer composite system;
(4) thermal effects on the maximum interfacial shear stress of SWNT/polymer composite system is much

larger than that of MWNT/polymer composite system;
(5) because CNTs is considered as isotropic properties in the paper, the maximum interfacial shear stress

and the shear stress transfer length of CNTs/polymer composite systems are independent on the chi-
rality vector of CNTs, but are dependent on the outermost radius of CNTs.

In the present study, some results are similar to the experimental data (Schadler et al., 1998) relative to
pullout and fragmentation of CNTs/polymer composite system no considering thermal effects. Current
work can provide helpful information for describe the stress transfer mechanism of CNTs/polymer com-
posites under thermal loading, which has not been previously discussed elsewhere.
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Appendix A

RNT ¼ q0 þ dðN � 1Þ; rpullout ¼
F
A

ðA:1Þ

eff

A1 ¼
að1� 2ktN Þ þ cð1� 2ktmÞ

U 2 � 2kU 1Þ
; A2 ¼ �cð1� 2ktmÞ=ðU 2 � 2kU 1Þ ðA:2Þ
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k ¼ atN þ ctm
að1� tN Þ þ 1þ 2cþ tm

ðA:3Þ

a ¼ Em

EN
; g1 ¼

2ð1þ tmÞ
tm

; g2 ¼
ð1þ 2tmÞ

tm
ðA:4Þ

U 1 ¼
c
8

2g1b
2 ln

b
RN

� �
1þ c

b2

R2
N

þ 1

� �� �
� 2g2 b2 þ R2

N

� 	
þ 4b2 � 2g1 b2 � R2

N

�
 �
ðA:5Þ

U 2 ¼
ctm
4

2g1b
2 ln

b
R

� �
ð1þ cÞ � g2 b2 þ R2

N

� 	
þ 2b2 � g1 b2 � R2

N

� 	
 �
ðA:6Þ

k ¼
ffiffiffiffiffi
A1

p
; c ¼ R2

N

b2 � R2
N

ðA:7Þ

x1ðrpulloutÞ ¼
A2

A1
rpullout þ A3

A1
rT

� �
� 1þ A2

A1

� �
rpullout þ A3

A1
rT

h i
coshðkLÞ

sinhðkLÞ ðA:8Þ

x2ðrpulloutÞ ¼ 1þ A2

A1

� �
rpullout þ

A3

A1

rT ðA:9Þ

n ¼ að1� tN Þ þ 1þ 2cþ tm ðA:10Þ
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